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1. Introduction

A mathematical model is a mathematical structure with an interpretation. For example,
the initial value problem

(1)
{
dx/dt = rx(1− x/K), t > 0
x(0) = x0 > 0

is a mathematical structure. It becomes a model only if it also is given an interpretation
like, e.g.,

(2)
{
x = population density
t = time

The initial value problem together with the interpretation is a mathematical model of
population growth. A different mathematical structure or a different interpretation would
give a different model.

The interpretation of a model translates properties and behavior of the mathematical
structure into (a part of) the real world. The reverse operation, i.e., the translation of (a
part of) the real world into a mathematical structure is mathematical modeling. The focus
of this course is on mathematical modeling (and the mathematical analysis of models) in
biology and population dynamics.

A population model describes the behavior of a population in terms of variations of popula-
tion size and structure in time or in space. Since a population is an ensemble of individuals,
its behavior ultimately is a consequence of the behavior of individuals. When we make a
population model, we always first describe the behavior of the individuals and from that
derive a model of the population. In this way all parameters of the model (such as the r
and the K in the example above) can be given an interpretation in terms of the behavior
of individuals.

A population model in which all parameters have an interpretation on the level of the
individual is called a mechanistic population model. If such an interpretation is not known
so that the parameters merely describe population characteristic (such as the maximum
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population growth rate r and the population equilibrium density K in the example above),
then we speak of phenomenological population models.

On the level of the individual we distinguish three basic modeling principles: (i) the princi-
ple of mass-action, which (among other things) is used to describe the interaction between
individuals, (ii) growth and development, and (iii) movement in space. The principle of
mass-action leads to population models in the form of ordinary differential equations, while
growth and development typically leads to partial differential equations or delay equations,
and movement in space to reaction-diffusion equations or stochastic differential equations.
In this course we shall meet them all. As a prerequisite we merely assume some elementary
knowledge differential equations and probability theory.

2. The principle of mass-action

2.1. The monomolecular reaction. In chemistry there are two elementary reactions:
the monomolecular reaction in which a single molecule undergoes a reaction and changes
into one or more other kinds of molecules all by itself, and the bimolecular reaction
in which two molecules react with one another to produce one or more other kinds of
molecules.

Examples of monomolecular reactions are the release of oxygen by oxygenized haemoglobin
in the blood (HbO2 → Hb + O2), or the spontaneous fission of dinitrogen tetroxide
(sometimes used as oxidizer in rocket propellants) into two molecules of nitrodioxide
(N2O4 → 2NO2), and many others.

We can use the monomolecular reaction also as a model for certain processes in physics, such
as the radioactive decay of an atom (A→ B+radiation). Also in biology there are processes
that can be modeled as a monomolecular reaction: the binary fission of a cell (one cell→
two cells), cell death (living cell → dead cell), reproduction (adult → adult + juvenile),
maturation (juvenile→ adult), divorce (married couple→ free male + free female), and so
forth.

The general reaction formula for the monomolecular reaction is

(3) A λ−→ P1 + . . .+ Pn.

The particle A on the left side of the arrow is called the reactant and the particles P1, . . . ,Pn
on the right are the reaction products. Notice that the ’+’ on the right are not meant
as mathematical operators but merely as delimiters within the list of the reaction prod-
ucts.

As a mathematical model of the monomolecular reaction we use the Poisson process, i.e.,
we assume that for any given A-particle there is a constant probability λ per unit of time
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of undergoing a reaction. Notice that λ is not a mere probability but a probability per
unit of time and therefore can take any non-negative value, also values greater than one.
We refer to λ as the rate constant or reaction constant.

The conditional probability of a reaction between times t and t+dt given that the particle
has not yet reacted before or at time t is equal to λdt+ O(dt2), i.e.,

(4) P (t+ dt)− P (t) =
(
λdt+ O(dt)2

)(
1− P (t)

)
where

(5) P (t) := Prob{reaction time ≤ t}

is the probability distribution function of the reaction time. Dividing by dt and letting
dt→ 0 we get

(6) Ṗ (t) = λ
(
1− P (t)

)
.

With the initial condition P (0) = 0 (interpret!) this gives

(7) P (t) = 1− e−λt.

The corresponding probability density is

(8) p(t) := Ṗ (t) = λe−λt.

The reaction time (i.e., the time till a reaction) thus is exponentially distributed with an
expected reaction time λ−1.

How do we lift this description of the behavior of a single particle to the level of the
population? To this end we use the Law of the Large Numbers (LLN). The LLN implies that
in a very large population of stochastically identical but otherwise independent particles,
the proportion of particles that has not yet undergone a reaction at time t is equal to the
probability 1−P (t) that an individual particle has not reacted. Denoting the concentration
(or population density) of A-particles at time t by a(t), we thus have

(9)
a(t)
a(0)

= 1− P (t) = e−λt.

We can apply the LLN also to an earlier stage of the calculation, namely to equation (4):
the proportion in a large population of A-particles that react between t and t+ dt then is
given by

(10)
a(t)
a(0)

− a(t+ dt)
a(0)

=
(
λdt+ O(dt)2

) a(t)
a(0)

.

Multiplication by a(0), division by dt and letting dt→ 0 gives

(11) ȧ(t) = −λa(t)
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which, of course, is equivalent to equation (9). The advantage of equation (13), however,
is that its derivation also applies when λ is not actually constant but varies with time. In
that case we have

(12) ȧ(t) = −λ(t)a(t)

and so

(13) a(t) = a(0)e−
R t
0 λ(τ)dτ .

In summary, assuming a very large population of stochastically identical and independent
particles, we derived a deterministic model for the behavior of the population from a prob-
abilistic model of the behavior of an individual particle in the monomolecular reaction.

2.2. The bimolecular reaction. ...

2.3. Reaction networks.


